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Strong discontinuities in the stresses and the rates of strain in a compressible
rigid-plastic body are investigate,

Changes in the relationships at the stress discontinuity surface [1] are obtained
for an arbitrary condition of plasticity, the latter depending on the first invariant
of the stress tensor,

The generalized condition of the Huber-von Mises [2] limit equilibrium is in-
vestigated as an illustration of the use of the relations obtained,

The restrictions imposed on the components of the rate of strain tensor are
determined,

1, Let us consider a rigid-plastic solid whose limiting state is described by
F(o, 2y, Z5) =0 (0= 1y04) (1.1)
Here ¢ {s the first invariant of the stress tensor, while 3,, X, are the second and third

invariant of the stress deviator, respectively,
The associated law of plastic flow is

&y =2 (uy ;+ u; ;) = A0 { 8oy; >0 (1.2)
Here A is an undetermined multiplier and u;,i is the partial derivative of the project-
ion of the rate of displacement on the zj-axis, From (1, 2) follows [3]
g, = Adf [ s ' (1.3)
which defines the "associated” compressibility of the material,

Assume that a surface § exists in an isotropic rigid-plastic body, which is the stress
-discontinuity surface, The stresses which are in contact at the surface S must be con-
tinuous, Therefore, from the conditions of equilibrium it follows that

[6;;1%;="0 ([og} =057 —64;7) (1.4)
Here the upper plus and minus signs denote the stresses at each side of S and v; is the
unit normal to this surface,

The state of stress at each side of S must satisfy the limiting state condition (1,1),
It follows therefore that

[f (6, Zo Zg)] = f (0%, 2%, ) — f(d", 25, 25) =0 (1.5)

Let us assume that the components of the tensor &;; become discontinuous on passing
through §. Then the geometrical compatibility conditions at the surface of discontinuity

become [1] (e ] = 3a (hyv;+ hjv) = [MPj], Ay=Iluy 1v, Py;=08f/85;  (1.6)
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Following [4], we shall show that for the convex conditions of plastic flow at the
stress discontinuity surface in a compressible body the plastic deformation rates become
equal to zero, To do this we define a local coordinate system at a point on S such,
that the normal vj to § coincides with the direction of the 23 -axis, Then

Vi=vg=0, vy=1 (1.7)
In the local coordinate system (1, 7) the relations (1,4) and (1, 6) give, respectively,
03] = [ 0n] = [0gs] = O, [ey] = [eg] = [egy] = 0 (1.8)
These in turn imply that
[oyl le1 =0 (1.9)

holds on § On the other hand, for the convex plastic flow surfaces the principle of the
maximum rate of dissipation of mechanical energy implies that

[Gij] [B{j] >0 (1.10)
Cornparing (1, 9) and (1,10) we conclude that the relations
eii+=8t~j_=0 141

hold at the stress discontinuity surface,
In {1] it was shown that in the latter case [u;,jj= 0 and the following relations hold
on§ [ay;] = Y2 (c;v; + ¢;vy) = [$Py;]
(142)
a; =8y g ¥k -Vp G = [“i.jk...zl ViV ooV P =}",k...z"k S Vg

To find & we multiply (1,12) by v; and sum over the repeated indices, This gives

e = 2[VP] v — [Pyl v;y  [9Pyxl = [ay] = o (1.43)
Since the matrial is assumned to be plastically compressible, the quantity [pPyr] should
not vanish at the surface of discontinuity §, On inserting c¢; given by (1,13) into (1,12)

the latter become )
(9P Viev; + (9P, ViV — [Pyl viv; = (985 (1a14)

only three of which are linearly independent, Relations (1,14) together with (1,4) and
(1. 5) form a closed system of seven equations defining the unknowns o;; and ¥~. In the
local coordinate system (1, 7) the system (1.4)X1,5) and (1,14) becomes

(f (0. B 2} =0, [owl=0, [Py} = ($Pp] = [$Pyu]=10 (t.13)

2, Let us investigate the relations (1,14) applied to the generalized Huber~von Mises
limiting equilibrium condition, well-known in the soil mechanics,
S;Syy=2@—aof  (Sij= cij— YaSkxdis, 5<B/) @1

1

Here S;; is the stress deviator and §;; is the Kronecker delta, while « and § are
physical constants,

In this case the relations (1.15) become (S84 — 2 (B — aaPl = 0 (2.2,

W (35, 4+ 2ap — 2a20)] = 0,[$ (3Sy + 2aB — 2a%0)] = 0, [PpSpl=0 (2.3
{oj] =0 (2.4)
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Using the relations (2.4), together with the property Syx = 0 valid for the diagonal
components of the stress daviator, we can write (2, 2) in the form
812 + §,,8,, + Sy 4 Syt + 20Po— o?g?] = 0 (2.5)

Inserting the values of the components of 0;; obtained from (2, 3) into (2, 5) we obtain,
after some manipulations,

W /ptp=1 (2.6)
From (2, 3) it follows that the stress discontinuity is only possible when ¥~ / $+ = —1,
and when the following relations hold at S :
ou~ = 2033711 — T2 — Su*, G2~ = 20m*T1 — T2 — Oz2*
2.7
Oss~ = O™, O12” = — O12*, G185~ = On*, Oz~ == Om*
(2.8)
T1= (3 + 2a?) [ (3 — 4a?), Te = 12aB / (3 — 4a?)

The components of the stress tensor c;; can be expressed in terms of three principal
stresses o; using the following ransformation

6ij = Galylj 4 camym; - canyn; (29)

Here l;, m; and n; are the direction cosines of the principal axes, connected by the

following relations;
g _ s + mamy + nin; = &5 (2.10)

Inserting (2, 9) into (2, 7) and taking into account (2,10) we obtain a system of twelve
equations in o, 6z, 03, li", m{ and z;". Solution of this system can be written in
the following form
61" = 263871 — T2 — G1%, G2” = 238811 — T2 — G2¥,  Gs~ = 203873 — Y2 — Og*
h-=+l* m=4+m" nrn =Fn*
(2.11)
lm =4 Ig*, me~ = + mat, ny” = not
Lb=Flt, m=TFms*, ns"=o ns"

Thus from [1] and (2, 11) it follows that the plastic compressibility of the material
affects only the magnitude of the stresses, The cormesponding principal axes remain
equally inclined to the surface § and lie on the planes passing through the normal to
S

8, We assume that the rates of strain ¢ij become discontinuous at some surface X

We have shown previously that under the convex conditions of plastic flow the rates
of deformation become zero at the stress discontinuity surface in a compressible rigid-
plastic body, i,e, they are continuous,

From this it follows that the stress discontinuity surface § and the rate of strain dis-
continuity surface S do not coincide,

Let us assume that the rates of displacement are continuous on £ and find the restric-
tions which must be imposed on the discontinuities in the values of the components of

€ for solutions of the system (1, 6) to exist,
Multiplying (1.6) by v; we find
}wi = 2 [Sij] Vj— [8;‘;;] Vi (3.1)

where v; is the unit normalto =,
The condition of plastic compressibility implies that the sum [e,;] does not vanish,
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Then the system (1, 6) cag be written in the form

[ei5] = [ux]vxvi + [ix] Vevi — [exx] Vivi (3.2)
In the local coordinate system (1,7) the relations (3, 2) become
[en] = [&1a] = [€] = 0 (3.3)

The components i3, £33 and &8ss undergo a jump on the surface Z Choosing the axes
z; to coincide with the principal axes of the rate of deformation tensor, we obtain
from (3, 2)

[8ye] = —[es] viva = 0,  [&)) (1 — v?) + [&s] v,® + [e5] v* = (3.4

[es] = —leg] viv3 = 0,  [2;] va® 4 [2a] (1 — vg?) + [€g] o? = 0

(eas] = —le] vavy = 0,  [2,] va® +- [e] vs* + [25] (1 — vs?) = O

The condition of compressibility and the existence of discontinuities on the surface X

imply that the determinant of the three right hand side equatfons of (3,4) must be equal

to zero, i.e,
v 2V, tvgd = (3.5)

This in turn implies that either one or two of the principal axes lie in a plane tangent
to X. Relations (3,4) and (3, 5) yield various solutions for the discontinuities in the values
of the components of the rate of deformation tensor
vi=0, V0, wv;50, [g] =0, [e]=(1— vy [ey]
vig=0, va=0, w30, e =0, [e))=(1— vs?) [g]
vi=0, vy£0, vy=0, [eg] =0, [e]= (1~ v [g,] (3.6)
n=v=0 vy=1, [g]=1[e] =0, [e5]=%0
vi=v3=0, vy=1, [g]=1[e] =0, [e]=0
va=vy =0, v;=1, [g]=1[e] =0, [e]50
Thus the above solutions impose restrictions on the magnitude of the discontinuities
in the components of the rate of deformation tensor, such as are necessary for the system
(1.6) to have a solution,
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